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CONTRIBUTION 
OF 

MA~7~MATIC~.,L CONCEPTS TO ~ANAG~MENT 

3 September 1963 

LTo COLONEL IfNIGHT~ The a t m o s p h e r e  ~-f t he  adva~~cI.;~g t e c h n o l o g y  and ~a~,age- 

m~_nt ~cience is ~atbamatics, Our speaker t~dav ha~; had co~slderable e~Derience iv, 

u~in~ mathematics in military operations~ research ~rofle~s and other operations 

~esea~ch ~roL, lems o As you know from his biogra~)hy~ he is the Director of the 

O~.~ration.~ Research~,~,. !ncor~oraN~ Sci~ntific gu~port• Group. the ~.~,..:, institute ~.~f 

Advanned St,.dies, Car].i~!,e Barracks~ 

J~ntlemen~ I "oresent to you,~ Mr0 Robert ,~,o Hare:~ Jr, 

:~,IR, HARE: Thank you~ C~Ionel Knight° 

The Dtobiem of designing or m~ifying a compl~< sy~~am i~ response to techno-~ 

!o~ica! and economic change has become incr~a~ir~gly diffic~it i~. t~dav~ business 

and military ~eration~o Assoclated with this "~:~,roble~ i~ the weed to understand 

the inter~raiationsb, i~ among system elements it, o~der to predict n~.e future be [. 

havior of th=~ system and faci%itate it~ control by  top manage~ent0 

it h.~= become ~4~D.~re~[ iD recent year's' that ~e~t ope~catln~ expe?:lence alone i s  

~~o lo'nger an adequate ~ean~ fo~' ~ttainin~ ~hi~ ~n,dez'standing:, e~Deciall>~ ~i..he?e it i~ 

necessary te DYc~ect t[ie effect of new conditi~.;~.s on ~t syate~o ~uch expel°lance 

us~aai!N represents only a ~mail sample of the T:o~si~.,le ~,~aVs in which the system 

,~ightbe oD~ratedo in certain instances meas'~reme~t~ and gnaiysis ef past opera- 

~io~:s alone may reveal ~i..~Dle cause and effect r~le.tionshlps fre~ whi¢~h pr,~di~'tiens 

can ~e m~de regardin~ the consequence~ of alternative modes of operation° For ~ost 

~ern s,f~tems~, h~¢ever~ such Dredictl.oms cannot be made until after a great of ad- 

¢~Itional info~ation has been collected° 



One possible way of getting additional information about a system Isby carry- 

ing out real system experlments~ This concept proposes deliberate experimentation 

with the operatlng.system Itseif~ or a large segment of it, Its objective is that 

of any experlment~ namely, £o gain information otherwise not available, or to test 

a.theory, whlch 9 if valid, has broader practical applications, Although real sys- 

tem-experlmentatlon has been - and continues to be - carried out by both industry 

and the Armed Forces, it has certain serious limitations° This approach cannot be 

used in many instances because of high costs both in money and in tlme~ because of 

unacceptable consequences in the event of failure~ or because the approach may be 

downright unfeasible, 

There Is~ for example, only a limited amount of useful experiment taken that 

can be carried out on certain systems related to Civll Defense, or to tactical 

operations on a battlefield, since such systems only become fully operational in 

times of emergency or war° Perhaps the m~st serious limitation of real system ex~ 

perimentatl.on is the fact that it cannot be conducted on proposed future systems 

that are still only tentative concepts or preliminary designs° This is an area in 

whlch improved understanding is especially needed, and which becomes increasingly 

important as the rate and cost o:f technological change increases, 

The limitations of operating experience and real system experimentation that I 

have indicated cause systems designers and' managers to' look for other ways of get- 

tlng the information they requlre. Their search has led them to extensive use of 

system models° The analysis Of models, particularly those that are basically 

mathematical in d:eslgn~ has assumed a vital r~e as an aid to management in its 

decisions concernln~ the development, improvement and operation of major systems. 

It is my purpose in this lecture to dlscuss some of the fundamental charac~ 

terlstlcs of such models9 to indicate some of their advantages and Ifmltatlons 9 
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ann describe briefly~ by way of example, some of the mathematical techniques that 

have ~roved u se fu l  in their construction. 

A model can be ~f~d as a useful simplified representation of the essential- 

ly important aspects of a real object or situation° A model of a system can be a 

picture, a mechanical or electrical device, a set of mathematical equations, or 

anything else having characteristics representative ~those that are fundamental 

to the system° Ordinarily, a model will be much simpler than the system it repre- 

sents, slnce an important goal of model design is to leave out all detai~ that ap. 

pearsln the original system, but which plays no significant role in the system's 

oDeratiOno The purpose of this goal is to reduce as much as possible the effort 

required to analyze the interactions that exist among the different elements of the 

model° 

If the model has been well-deslgned, such an analysis should then yield in- 

formatlon about the corresponding interactions and interrelationships of the origl- 

hal system~ In other words, a good model will be designed so that what happens in 

the model accurately refl~ects the important things that would happen in the system 

to which it corresoondso An obvious question at this point is, "How do we know 

what is important and what is not in a system?" There is no clear-cut answer to 

th'Is question° Some elements of a system will be of obvious importancel others, 

not so/obvlOUSo Wherever there is a question about the significance of a system 

element it should be represented in the model, although it may be omitted later if 

subsequent analysis of the model shows that the questionable element ~S~ in fact, 

not important° 

On the whole, the design of an adequate model is scxnething of an art and re- 

quires that the designer have a pretty good feel for the system with which he is 

concerned° When a model is used one is generally Interested in determining quan~ 
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titatlve relationships which can then be anplied to the system° Therefore~ the 

model rm/st be constructed so that there is a known correspondence between model 

val~es and system values° Generally, one is the same or proportional~to the other~ 

For example~ if a map is a visual model of a certain piece of terra!n, distances on 

themap are proportional to distances on the terrain.° The corresponding angles have 

the.same value° 

" "analogg" or "s>~bollco" Of Models are ordinarily classified as "vls~al~ 

course~ these classifications are not rlgld~ and several may apply to a given model 

at the same time° Navigation charts and h~se floor plans are examples of visual 

modelso You will note that both are much simpler than the things they represent9 

containlng only significant elements of the origlnai~ and none of the unessential 

details° At the same time~ they are ~seful~ the charts help the mariner steer from 

one buoy to the next~ even though he~s often unable to see more than one buoy at a 

time° The floor plan helps the architect detect and correct faults in the house 

layout before starting construction° 

Acommon analog model is the electrical network~ which is ~sed to represent 

mechanlcaland waterflow systems° The kind of model that has been especially valu= 

able in th~ study 6f complex systems is the symbolic model which is composed of 

mathematical and logical relationships° An example of such a model is one that is 

uS~"in the engineering design of bridges° I believe Dr~ Davidson mentioned this 

the other dayo It is made up of a number of theoretical and empirical relation° • 

ships involving the mechanlcs~!~ater~als stress analysis and vibration analysis° 

With the aid of the~e mathematical representations bridge structures"canbe 

desi~ned quickly and cheaply° Another example of a symbolic model is the computer 

simulation which has made possible the analysis of complex systems that could not 

ordinarily be analyzed prior to the development of high-speed digital computers° 
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l.wili discuss such mc~els a little more fully in a few minutes~ 

System models may be employed with regard to a number ofobJ.ectives, They are 

generally used to test the imp~tlons of changes in a systems and to .give us an 
,%. 

estimate of the significance of each component ~th respect to total system opera= 

tlon. The process of constructing a model will, in itself, tend to give One a 

better overall Understanding of the system and how it functions, Information pro = 

vlded by the model can then be used in the design or improvement of the system° 

It should be noted that model analysis~ unlike real system experimentation , can be 

applied to proposed future systems as well as to those that already exist° 

The better overall understanding of system op~ratlon provided by a wel l=con- 

/ 

structed model, can al~o~ be of great assistance to the manager in designing his 

management information and control mechanism, and in the development of improved 

operating policies and Drocedureso Finally, a bonus effect of many ~ood models has 

been their value in the trslnlng of o~erating personnel, To illustrate the remarks 

I've just made, let us consider a model that was developed and used. successfully in 

connection with the water resource management program on the upperNile~ 

This slide is a little old~ it's about worn out° The Upper Nile System begins 

at the Aswan Dam in-Egypt and includes the main flyer's; their dams~ reservoirs and 

tributaries, and the Uganda Lakes, The general objective of water management is. for 

irri~ation, power generation, flo~d control, minimization of evaporation losses, 

and Drovlsion of an adequate flow to the lower Nileo There is a requirement t~ col- 

lect and store enough water d~rlng rainy years to carry through a drought cycle° 

There are also special restrictions on the maxlrmlm and minimum permissible water 

levels in lakes° EvaDoratlon losses canbe serious, and must be minimized by keep- 

ing water as long as Dosslble in remote mountain reservoirs and lakes° And this 

increases the comDlexlty of the control problem; for, in order to make a change at 
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Lake Victoria to effect the water supply at the lower end of the system, some six- 

weeks lead time is r~quiredo " .... 

Keeping in mind all of the above requirements and constralnts~ system manage- 

ment must continually ask such questions as, "What will happen if we do such and 

s~ch? What are the shortoterm effects? What are the long-term @ffects? What would 

be the effect of constructing a new reservoir at a particular location?" The models 

shown 0n: the slide helps management answer these ques£ions byprovlding an Integrat- 

inglogical description of all component elements and their Interrelatlonships~ and, 

by Permitting the computation of numerical results relating to the consequences of 

vari0~s possible actlons~ Actually, the slide shows three models° First there is 

the mao of the Upper Nile Systemo 

" ~ Since management was not really interested in the twlsts and turns of the river,- 

but Inth~ flow that it transmits~ and the water losses that occur d~rlng flow, the 

geographic map over on the left ~as transformed into a kind of hydro~dynamlc map, 

which is right next to the geographic map° 

The second model now represents a ~ystem in 91'f�m~. reduced tocharacteri~stlcs 

that are significant with respect to the purpose for which the model was intended° 

Finally 9 to permit numerical computatlonsa mathematical model was constructed from 

the hydro~dynamlc map° This third model, represented by the two boxes on the right~ 

and these contain varies equatlons 9 shows the equations of flow of the system to- 

gether with such basic constraints as reser~olr caDacltles and permissible water 

levels° 

" Thls model.has the flexibility to support top-management planning by develop- 
J. 

ih~the consequences of alternative policies or modifications to the system° These 

consequences may be individually simple events, but in a large system operating 

over a period of time,i they form an intricate chain of circumstances, the estlma- 
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tlon o~ which9 is uretty much beyond the capability of any other meth'od° 

Before I talk about some specific mathematical techniques I'd li~e £o make 

several Dractlcal observations with regard to the use of system models0F!rst9 the 

usefulness of a~y model will,be limited by the amount and quality of basic opera- 

tional data available for input° The model designers should ordln~rily be able to 

get most of these data from existing records and measurements of the system;s past 

operation, and s by working closely with system management and operatingpersonnelo 

However, if information about the value of a particular factor in the system is not 

available from these sources, a reasonable range of such values may be estimated 

and the model use d to examlne System operatibn for this range° If Jris found by 

this means khat the performance of the system is strongly affected by the value of 

the missing factor s then some experimentation with the system components may be 

requ:ired to attain this value. 

Second s it should be emph~slzed that model analysis cannot be a complete sub- 

stitute for full-scale trial of a system° Models can help to organize and analyze 

exDerlence data for the purpose of drawlng certain conclusions, but many intangible 

factors which a model can't take into account will ~ften effect system operation 

significantly° Therefore s managers must know the llmltatlonsof the models they 

employ~ and must use their experience and good Judgment to interpret model results 

in the light of theseIntanglble factors° 

This brings up the problem of communication between the mathemat£c alanalyst 

and the manager. A system model may be so intricate in its technical detail that 

the executive Cannot ~usslbly verify the logic to th e same extent that hemight in 

a convent[ona[ management staff study° I mention the problem, but I know of no way 

to solve it s except perhaps through the development,of mutual confidence Over a 

period of time as each side - the manager and the analyst - makes a con sclous ef~ 
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fort.~ to understand and appreciate the oroblems of the other. 

Model-buildln~ itself is not really new~ even though the term is. Models of 

various types, mathematical and otherwise, have been used for centuries In sclence 

and in engineering° The whole purpose of mathematical physics, for example, is t o  

represent the physical laws of nature in the form of mathematical relationships for 

pUrPoses of analysis, What is fairly new is the ~reatly increased emphasis placed 

on th~ use of models in the area of management declslon-maklng with respect to com- 

plex'man-machine systems° To meet ever-inc~easlng requirements for models in thls 

area, various mathematical and logical techniques have been developed, which have 

some general aDDllcatlon to many problems encountered in industrial and military 

oDeratlons. These techniques are continually being elaborated and new ones devel- 
/ 

oDed as new problems arei'9~counteredo 

I'd llke to use the remainder of this talk to describe briefly some 'of the 

more important types of mathematical techniques that have been developed in recent 

years for use inmodel construction. First~ however, I'd llke to mentlon~ in the 

way of a historical footnote, that the Ancient Babylonians employed mathematlcs'to 

solve management problems nearly ~Our the/sand years ago° In one instance they used 

arithmetical methods tu devise an equitable foodorationlng scheme during a period of 

famine~ The records also show that these people made considerable progress in the 

dev~opment and applicatlon Of elementary geometry and algebra° 

.... It should be noted that one of the major sh~rtcomlngs of mathematicians in 

t~ose days was thef~ i~bil~y[:~operform certain arithmetical operations using 

prime numbers llke 7, II and 13, This was Very embarrassing to them, because every- 

o~e from the King on down looked upon mathematicians as being infallible, To cover 

thelrlgnoran~e they asserted w~th great authority that such numbers were endowed 

with evll magical pro~ertles and that any ,t~mperingwlth them would surely have 
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dire c~hsequenceSo The wisdom and prestige of these learned men was so great that 

these numbers are still considered to be magical in.some quarters, •even .today° 

Although mathematicians are no longer considered to be infallible, they have 

developed thelr art for 4.,000 years to a point where it is quite useful in many 

areas of ac£ivltyo Proble~solvlng situations that can be treatedby mathematical 

anaiys~re generally of two types~ those whose cause and effect relationships in- 

volve a ~alr degree of eertalnty, and %hose in which there is some degree of uncer- 

tainty,:and which require the use of probability theory and statistics .... !naddi~ 

tlon, there are Droblem~solvingsltuations that are so complex that mathematical 

analysfs alone cannot be used~' These are situations that require computer-sln~ala- 

tion techniques. 

I shali try to re!ate the examples that follow, to the c~tegorles I've just 

mentioned, An.lmportant problem area in which causeand effect relatlonshiDs are 

assumed to. be known with some certainty has to dowlth so-called allocation problems° 

Allocation problems arise in situations where a system has a number of activities to 

perform, but where there are restrictions either on the amount of resources, or the 

Way they can be spent, which prevent us from performing each of the activities in 

the mosteffectlve way conceivable° In such .situations we wish to allot available 

resources to the various activities in a way that will optimize the total effective- 

ne~ss, of the system. 

An important class of allocation problems is the one in which the effective- 

ness of the system, and all restrictions, are expressed as linear functions of the 

allocation variables - and I~ll exDlaln what that means In~a minute° The analysis 

of this class of problems is called "linear progra~mlngo" And it's Important~ not 

only because many real situations can be studied this way, but because we have to 

know how to solve the problem° 
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On the slide, the symbol lambdus (phonetic) of J is a variable representing 

the number of units of actlvitv J to be performed° The large sigma In that second 

expression there means what it usually does; it means the sum of the quantity shown 

taking over all possible values of J% in this case, over all types of activity° 

The relations shown are called linear, since no lambdas are multiplied together or 

appear in powers higher than the first° Basleally, there are three kinds of condi- 

tions involved in the linear programming problem° First, a negative number of 

units of an activity cannot be performed° This i~s represented by that first ex- 

press~ono 

Second 9 allocations are subject to certain practical constraints° Third, there 

is a linear function of the variables, called the ob~ectlve, which we wish to opti- 

mize° To give you a better feel for the kind of problems solved by linear program= 

ming~ l~d llke to show three classical exam~leso The first is the simple produc= 

tlon problem° In this problem a ~roducer has available limited amounts of several 

types of resources° Specifically, he has these subll units of resource i where I 

takes a different value for each t~e of resource= 

The producer can make a number of different kinds of commodities using these 
k 

resources, and he wishes to know how many units of each kind of commodity he should 

maket0 maximize his total monetary return° On the sllde~ the little A sub=i J 

re~resents the number of units of resource I required tO prodmce one unit of aom~ 

m6~Ity J0 C sub~J ~s the return per En~t of commodity J~ and lambdus of 3 is the 

number of units that commodity J pr~ducedo The constraints are obvious= The pro= 

ducercan~t produce a negative number of comm~ity unlt~, and he can't use more 

resources than he has available° The Droblem~ ~Ben, is tosolve for those la~bdas 

of J that maximize the objectlve~ the obje=tlve being that bottom equation down 
1 

there = 



The second example is the transportation problem. In thisproblem there is a 

given amount of a product located at each of several points of origln. Speclfi= 

cally, there are eight sub-I units of the product located at orlgin point I. There 

is also a certain minimum reqRirement for the product at each of a number of destin- 

ation pointso That is to say, at least B sub-I units of the product must be ship- 

ped tO the destination J. The given cost of shipping a unit of the product from 

origln I to destination J is C sub-I J. Lambdus of IJ is the number of units of 

the product to be shipped from I to J, The shipper wishes to find values of the 

lambdas that will minimize his total shipping cost. Again, the constraints are ob- 

Vi~/So Negative shipments can't be made, nor can more be shipped from an origin 

point than are located at that origin point. And minimum destination requirements 

for the product must be met. These three conditions are shown by the first three 

relationships giVen, 

The third example is the personnel assignment problem. In this prDblem a 

group of people have been rated according to their abilities and put into various 

personnel categories. Little A sub-I Is the number of people assigned to personnel 

category Io People from th~s group are assigned to openings existing in each of a 

number of job categories. B sub~J here is the number of joy, openings to be filled 

in job category Ao C sub-I J is the productivity of a worker in personnel category 

I who has a job in category J. And lambdus of IJ is the number of workers in cateo 

gory I to be assigned to job category J. The employer wishes to make asSlgnments~ 

that Is9 determine lambdas so that the total productivity is maximum. 

The con%tralnts are that a negative number of workers can't be assigned from 

a category~ And all job openlnEs must be filled, Furthermore, a greater number 

cannot be assigned than exist in a category, 

The applications lust cited are only three of a large number of useful applica- 
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tlons of linear programming developed over the last few years° These applications 

include not only.the getting up of schedules for the use of an organlzation~s re= 

sources, but also theoretical studies to aid pollcy=makers in determining how ac- 

tlvities and resources might be changed to improve the organlzatlonas position° The 

principal limitation of linear programming is the requirement for llnearlty which 

excludes many important allocatloBi:problemso As I indicated earlier, this require= 

mentwas put on to facilitate problem solution, and a number of fairly general 

methods ~or solving such problems has been developed° 

S0me solutions have also been obtained for problems where constraints and/or 

the Objective function are quadratic rather than linear° That is to say,. they In= 

volve second powers of the variables° A promising development which is still in the 

beginnlng stages is dynamic programming. Essentially, this involves the solution of 

a sequence of allocatloq problems where the conditions on any problem in the seo 

quence are e/letted by the solution of all preceding problems in the sequence° The 

princlpal difficulty that one must face here is the fact that optimum solution to 

indivldual problems won't necessarily optimize the objective function for the sea 

quence taken as a whole ~ 

LetWs consider, now, a different type of situation from the ones that l~ve Just 

discussed° Suppose we have a system that involves one or more input values, and an 

output value Xo Also suppose we observe that for the same choice of input values a 

different value of X comes out each time the system is operated° This situation can 

arise if the situation contains chance or Stakha~t'ic (phonetic) elements~ and we 

must consider X to be a random variable. Either by experiments or by analysis we 

try to find out as much Information as possible about the frequency distribution of 

Xo That is, the relative frequency with which dlfferent values of X could be exo 

pected to occur° From this distribution we may wish to estimate the probability 
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that x will fall within a given range of values on the next trial of the system. 
: ! . 

We may also wish to condense oUr distribution of information by expressing it in 
• i 

terms Of the mean or expected value of X, together With some value representing the 

amount Of dlspersion of X about the mean. 

The situatlvn I have ~ust described involves considerations of probability 

theory and statistics. A part of these considerations is the frequency distribu- 

tfon Of the random variable° Frequency distributions are of two types - dlscr~ji~ 

and c6ntinu0us. In a dlscr~e distribution the random variable X can take any of 
• ' . ' . . 

a set of discre~!e values° And the frequency distribution function, as shown on the 

slide, is a bar graph° The height of each bar shows the probabillty that X will 

have a particular value at a given time. The X with the llne over it, in the lltt[e 

box, ~ is the expected value of X and is obtained by multlplying each X by its proba- 

bili£y of occurrence and then summing these products over all possible values of X. 

In a continuous distribution the random variable can take on any of a continu- 

ous set of val~eSo And the distribution function, as shown, is a continuous curve° 

The probability that X Will fall within a given range of values is ~ust the area 

under the curve in this range. This is illustrated on the slide by the shaded por- 

£i0n wh~ih is equal in area to the probability that .kCwi~1 ~ fall between 2 and 3 at 

a glven tlme. 

when properly applied9 the probability theory Is one of the most powerful tools 

we have today for constructing mathematical models. When improperly applied it can 

be rather dangerous° Even statisticians have trouble° I like to tell the story 

about a well-known statistician who confidently waded into a river having an aver~ 

age depth of three feet, and ~edo 

I would now llke to discuss briefly "two of its more Important applications 

queuing theory and game theory. Queuing theory, or waitlng-line theory, has also 
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been referred to as the "Theory of Bottlenecks°" Since it deals wlth prQblems of 

congestion and delay I don~t think I need to go into any long explanation ~ustifylng 

its imDortanceo Let us consider One of the simplest problems to which the tech- 

nlque has been apDlled = the tollgate problem° At this point I had a fancy slide 

showlng a tollgate~ but somewhere it got iosto So9 picture9 if you Will~ a single 

tollb0oth on a turnpike =,! I think you're all familiar with that -.and at this toll= 

booth we find a llne of cars~ and there are also cars approaching the tollbootho 

The basic components of a queuing situation~ customers and a customer input pro= 

cess, service polnts ~ and a service mechanlsm~ and some so~t of queue dlsciplineo 

Each of these is illustrated in the tollgate problem° The cu~stomers are motorists 

Who arrive in some random way at the tollgate which is the service point° And they 

pay a toll before they may pass this point° 

Their queue discipline is to llne ~p on a flrstocome first-served basis° In 

this particular problem we assume only one gate° Service times at the tollgate will 

depend on whether the motorist has his m~ey out, how much change is requlred~ 

~hether or not he stalls his car~ and other factors° This summer I had a flat tire 

rlght at the tollgate° They wouldn't let me stay° 

Both the intervals of time between new arrivals and service time must be treat~ 

ed as random variables~. And the frequency distribution must be det:e~mlned for each 

of these° In analyzing this softof queuing problem one Is interested in such In~ 

formation as the waiting times of the customers~ the number of customers in line~ 

and what fraction of time th~ servor is idleo 

The next slide shows a partlcular set of conditi~ns~/~ probabilities with 

which there will be various n~mbers of customers at the tollgate at any g~ven time° 

In this example an average of six cars per minute arrive at the booth° And the toll 

collector can handle an ~verage of ten cars per minute° For arrival and service 
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time distrlbutions I have assumed - I won't go into any detail on these - I have 

assumed what are known as "price-on arrivals," and "exponential service times." 

These seem to represent fairly well what actually happens in any such situation° 

It is also assumed that the tollbooth has been in operation long enough so that a 

steady or routine state of operation has been established. It can be shown in this 

case that the average number of cars at the gate at any given time is ~½., and the 

average delay involved ~s about 9 seconds° 

Starting with simple problems like the one Just described, queuing theory has 

been extended and elaborated in many ways° These include such features as multiple 

serv0rs; multiple waiting lines with special rules as to which one a customer eno 

ters; prlorlty of service to certain customers; and the effect of impatient cus- 

tomers who either don't enter a line or leave it before being served. Application 

of the technique can help managers to design or improve systems in which congestion 

occurss by indicating the best number and configuration of serving points and wait- 

ing lines, not only for reducing congestion and delay, but also with a view towa~rd 

overall operating economy~ 

The factor of economy is an important one° If the system were operated only 

for the convenlence of its customers and enough servors could be provided so that a 

customer would practically never have to wait in llne, such a pollcywould mean that 

many servors would Stand Idle much of the time° And presumably, each servor repre- 

sents a certain portion of the system's operating cost. To run the system economi- 

cally, therefore~ some balance must be achieved between the cost of customer delay 

and that of servor Idle time. 

Queuing theory techniques have been aDplled to many types of operation, and 

new applications are being found all the time° Operations that have been analyzed 

successfully in the past include airs rall and highway t~affic management~ pr~uc- 

tion llne operations; service at store counte~s; telephone trunking~ the malnten- 
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ance and repair of machinesg and a wide variety of military problems° 

Game theory is essentially a theory of competition~ It deals with situations 

where the outcome will depend on the decision of two or more participants who have 

conflicting interests° It is assumed in such situations that each participant will 

act in a rational manner and will try to benefit as much as possible from his deci- 

sionso Most of the practical applications of game theory relate to situations in- 

volving two declsion-makers - a so-called "Two=~rson Game°" To illustrate this 

game~ suppose that two players, A and B, - I believe these players were made 

famous byJGilbert and Sullivan some years ago - suppose these p~ayers are competing 

with one another in a conflict situation° 

Furthermore~ suppose A has three alternative decisions~ or strategies, avail- 

able to him, and B has four° The first thing each player wo~Id do is, make up a 

table ~Ike the one shown on the sllde 9 in which he would estimate the consequences 

of each possible pairing of strategies selected by himself and his opponent° Sup- 

pose the slide shows A~s table° Then 9 the entry A two three represents the value 

of the game to player Ao If he chooses strategy A two and player B chooses stra- 

tegy B three; the other entries on the table represent the values to A of other 

strategy combinations° A negative value in the table w~ald indicate a loss by a 

player - by player A 9 for the pair of strategies involved° 

If each player wins what the other lo~es~ this game is called a 'VZero Sum 

Game°" Now, if player B always used the same strategy and A knew what this was~ 

- A can pick any one of the strategies on the side and B can take any of the ones 

on the top - if player B always uses the same strategy and A knew what this was, A 

would select that strategy which gained him the most, and he would continue tD use 

it° A would then win the same amount from Beech time they played 9 which would be 

rather rough on Bo Consequently9 B must change the strategy he selects each time 

16 



he piays and do this in some manner unknown to Ao To hold his own, A must also 

change his strategy from play to play. In order to keep the strategies to be used 

for various plays a secret from one another, A dnd B will make their selections by 

some random means° Before doing so, however~ each player must determine the rela~ 

tive frequency with which he. should select the various strategies open to hlm~ so 

asto secure for himself the greatest posslble expected gain° 

' Aplayer whochanges his strategy from play to play, selecting each new one 
:i 

randomly, but according to prescribed relative frequencies, is said to employ a 

mixed strategy° His basic problem iS to select the optimum mixed strategy° And 

this is the fundamental problem in g~me t~eoryo 

For those of you who are interested in how A calculates his best mixed strategy, 

conslder the equation shown on the slide° Incidentally, that secondequation should 

be a ~ittle A sub~Y J9 not a big A sub-I Jo Let P sub-I be the probability that A 

will select strategy A sub°I for any given playo And let V by the expected value 

of the game to A if he uses the best mixed strategy° Then~ if the linear equations 

that a%e shown on the slide are solved simultaneously for the three Ps - P-I, P-2 

and P-3 ° the values of these Ps will give the relative frequencies with wh~ch the 

varlous strategies must be s~le~ted,~ for A to have the optimum mixed strategy° The 

first equation simply shows that the sum of the probabilities ..mUSt equal one° That 

iS, A must play some strategy every time° 

The second equation states that the expected value of the game to A must be 

thesame no matter which strategy B employs° Player B will determine his best mixed 

~trategy in a similar manner° It should be noted that the expected loss or gain to 

B must he the same as the expected gain or loss to A0 That is, B must have the same 

value for both player A and Bo 

Let us look 9 now, at a particular example of a two-person game° Suppose that 
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aship is searching a .thousand square mile area for a submarine which, in turn, is 

studlously trying to avoid being found. Furthermore, suppose the search area is 

divided Intotwo sub-areas, A~I and A-2, having areas of 300 and 700 square miles, 

respectivelyo Finally, suppose that the search rate in A-I is I0 square miles an 

hour, while the search rate in A~2 iS .30 square miles per hour~ and that..both hun - 

terand hider know this. A game matrix is set up, as shown on the slide, with de- 

tection probability per hour taken as the value of the ~ame to the hunter. This 

was found by deciding the search rate per ho~r in a glven sub-area~ by its area° 

The problem is to determine what fractions of their time the hunter and hider should 

spend in each of the sub=areas in order to Optimize ~heir respective chances of 

sU c ce ed ing0 

AS it turns out,~ each has spent 56% of his time in A=I~ and 44~ of his time in 

A°2o And the expected Dr@bability of detection per: hour is about °02° It was in- 

teresting to note that if the hunter conducted his Search uniformly over the whole 

thousand square mile area and the hider knew it 9 the expected detection probability 

per hour wouId drop to o01~ On the other hand, if the hider moved Uniformly over 

the Wh'01e area and the hunter knew it~ the expected detection probabilit~!'~er hour 

wo~Id rise to ~03o 

Game theory.ls potentially valuable in both business and military situations° 

Its application in such situations depends largely on how accurately and exhaus- 

tively the choices of strategies and their consequences can be determined by the 

a~alysto 

" Mahysystems existing today ~ particularly milli~ary systems are so large 

and-comDllcated that ordinary means~fanalyzlngthem ate inadequate° Frequently 

we can construct mathematical models for Dortlons of such a ~ystem, but a study of 

the system as a whole requires what I like to refer to as the last resort approac~t% 
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computer simulation° The basic concept of computer simulation is fairly simple° 

Think of a system as being composed of a collection of elements together with a set 

of rules ~ governing the performance and behavior of these elements° These rules will 

describenot only the behavior of individual elements undervarlous conditions, but 

also thebaslc interrelationships amon~ them° Elements of a system can be any ob= 

ject or condition that effect the system's operation° They may be such things as 

people, machlnes, equipment, places and environmental conditions° They may even be 

whole sub-systems whose operations have already been analyzed by another means° The 

rules of behavior will specify basic element performance° They will prescribe Simple 

cause and effect relationships and they will give frequency distributions for any 

random variables In the system° And~ they will set physical and doctrinal limita- 

tions on the behavior of elements° 

The rules will also specify decislons as t-o courses of action to be taken at 

different stages in the operation of the system° In other words, the flrs~ step in 

constructln~ a computer simulat£on model is to examine carefully all the bits and 

pieces which make up the system and understand their basic relationship to one 

another° So far~ the procedure is really no different than that used to construct 

any other model; it just takes longer° 

The big difference begins with the next step° This is to take each of the ele- 

ments and rules and represent it somehow in the fDrm of words and instructions for 

the digital computer° Such representations are then tied together by means of a 

computer progr~mo This program states in computer language how and in what order 

the given rules are applied to system elements to produce behavior and interactions 

similar to those that would occur in an actual system° Such a program is normally 

written from a logical flow diagram which shows in detail the operatlngcharacter~ 

istics of the simulated system arranged in their proper order ~nLspace~and tlm6o 
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A simulation program is often designed in the form of a large lo0p0 On this 

particular diagram one Of the links in the loop that closes it, got left out. Up 

at the top there should be an arrow. So, this is not a loopo All elements of the 

model are examin&d in a single circuit of the loop and their conditions or states 
f 

are modlfiedwherever necessary in accordance with the given rulesof behavior= 

Each circuit Of the loop simul~ates the operation of the whole system during one 

small increment of time° Everything that goes on within that small time is in 

termS of modifying the elements as considered° 

" " AS the computation pruceeds the computer acts as nothing more than a large, 

high-speed bookkeeping machine making and storing all changes in the simulated 

operation from one time increment to the next, and peri~dlcally reading out certain 

desired informatidn about what is hapDeningo As I have mentioned~ the usual pur- 

pose in studying a system is to determlne whether it can be modified in some way 

or reduce its cost of onerationo This purpose implies tD improve its effec Iveness 

the existence of alternative ways of operating~ organizing or equipping the system° 

Therefore~ if a computer simulatlon m~del is to be used it should be designed to 

acce~t all of the varies element confi~ratlons and characterlst~cs~ and all of the 

operating rules that one migh t conceivably wish to evaluate° 

Furthermore~ with the poss~billty of studying a large number of optionalvery 

careful thought sh~Id be given to the plan for using the model° For instance~ use 

could be made of experimental design techniqueso A pure trial and error approach 

can t~rn out to be rather expensive where computer simuiation models are involved° 

In closing, I~d llke to say that th~ techniques that have been described this 

morning are only a few examples of what has been and is being accomplished in this 

fi~id " I hope that these examDles~ together with the discussion of model~buildlng~ 

in general~ have helped you to gain a better practical understanding of the way in 

whichmathematical analysis can assist management in its decision-making roleo 
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T h a n k  you°  

QUESTION: Mr. Hare, can you  give us any examples where the military has used 

a ~ combination of these various theories or techniques in the analysis of a major 

program? 

MR. HARE: (This answer may have contained classified information, so it is 

deleted). 

QUESTION~- To what level is the battlefield simulation going down to the 

Div{si6n leveiglower or higher? And in what theaters of operation? 

MR. HARE: I.~m not familiar with all the details of what they're doing right 

now, but I understand it goes right down to Company level at least° I don~t know 

if they,ve plcked a particular theater of operation or just doing a sort of general- 

type thing that represents any forces in a particular sltuatlon~ 

QUESTION: Mr. Hare, you mentioned that model complexity often creates a ~rob= 

lem for the manager to understand the problem and that it requires his time° Is 

there some other method~ the simplification of some of these models that might be 

more beneficial than this trying to have people understand each other? 

MR-° HARE: Well9 now~ when I said the complexity of the model was liable to 

leave the manager a little baffled, i was talking about the actual technlcal details 

- the mathematlcal details - involved in comlng out with solutions° Now 9 the mana~ 

ger should be quite familiar with the purpose of the model~ What somebody ~s trying 

todo with this model, even though he cannot understand all the mathematical detail 

involved in grlnding out answers° He knows what goei~ ~n~ He knows the purpose of 

the model9 and he can understand what comes OUto The secret workings inside are 

sometimes a little difficult and these he has to take on faith and trust his mathe= 

matician. 
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N0w9 as to simplifying the model so that he can understand these internal 

workings, this really defeats the purpose of using mathematics for these sort of 

analyses~ because you would want to take advantage of the most advanced mathemati- 

cal techniques that are necessary for the solution of the problem° If you can't 

usethese,.why, you are not making use of the tools which are availab!e to yOUo 

Then you're back in the position of doln~ essentially the normal staff study° 

So, unless the manager can sO:end seven or eight years in college, and then some 

more years in getting experience in using these thlngs~ he can't really be expected 

t-o know all of the details of a model° 

QUESTION= What is your aopr~isal, Mro Hare~ of the relative effectlveness of 

the analytical techniques on the one hand and simulation techniques on the other, 

considering'past efforts and' future projected efforts to solve real world problems? 

MRo HARE: Well, the analytical technlques~ because they have to be in a form 

that a mathematician can handle analytically° Because, equations will necessarily 

involve a number of simplifications, approximations, and certain simplifying assump- 

tlons, so that he will o in many instances o have to ignore a lot of detail in the 

situation° Now, in certain situations he can g~t away with thls~ he will get 

answers .that will give him at ~east the order of magnitude solutions to his prob= 

lain o 

Inthe computer simulation the problem has just gotten so involved that he 
I 

canQt, even with a lot of slmDllflcat~on 9 study the thlng~ there are too many parts 

to ito So then, he goes back and goes into a lot of detail° He Just sort of p~ts 

together all the pieces and lets the computer do all the recording of information° 

So 9 in a simulation you can probably get a good deal more realistic model of 

'the Oroblem~ On the other hand 9 sirmilatlon is extremely expensive~ it's extremely 

time-consumlngo Some of these programs for computers for simulation = may take 
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a year; maybe several years, te~p~eDareo Furthermore, it takes, well, these things 

s~it out bushels of paper with numbers ~n them, and it takes a great deal of time to 

analyze the resultso YoU get more information than you really want, even when 

you're carefulo 

So that, there are time advantages and money advantages to avoiding the simula- 

tion if possible. Does that give you some idea? 

LT. ~OLONEL KNIGHT: Gentlemen, I would like to at this time also acknowledge 

again the oresence of our guest panelists have been provided through the O@e?~t~iOns 

Research Council of Washington, who will be with us in our seminars following this 

lecture. Mr. FLare will be present in the cafeteria, and there are several old friends 

and colleagues of hls whom he hasn't seen in quite some time. He will be available 

for some further questionlng if you would like to hear him. 

Mro Hare, thank you very much for being with us in this lecture an~ we were 

very ~leased to have you. 

F 

23 


